Abstract. Let I 2n,k denote the space of k-dimensional, oriented isotropic subspaces of R 2n , called the oriented isotropic Grassmannian. Let f : I 2n,k → I 2m,l be a map between two oriented isotropic Grassmannians of the same dimension, where k, l ≥ 2. We show that either (n, k) = (m, l) or deg f = 0. Let R G m,l denote the oriented real Grassmann manifold. For k, l ≥ 2 and dim I 2n,k = dim R G m,l , we also show that the degree of maps g : R G m,l → I 2n,k and h : I 2n,k → R G m,l must be zero.
Introduction
It has been proved in [5] that maps between two different oriented real Grassmann manifolds of the same dimension cannot have non-zero degree, provided the target space is not a sphere. A similar result is obtained for complex Grassmann manifolds in [4] , when the map is a morphism of projective varieties. For arbitrary maps, this result has been verified for the complex Grassmann manifolds for many cases in [5] and [6] .
In this paper we consider the analogous question for the space I 2n,k of oriented k-dimensional isotropic subspaces of a symplectic vector space of dimension 2n. The oriented isotropic Grassmannian was considered in [3] and its cohomology was computed with real coefficients. Their method involves identifying I 2n,k as a homogeneous space I 2n,k ≃ U(n)/(SO(k)×U(n−k)). One may similarly consider I 2n,k , the isotropic Grassmannian of k-dimensional isotropic subspaces of a symplectic 2n dimensional vector space, which is ≃ U(n)/(O(k) × U(n − k)). It turns out that the isotropic Grassmannian is orientable if and only if k is odd ( [1] ). In this paper we consider maps between oriented isotropic Grassmannians of the same dimension and prove Theorem 1.1. Let n, k, m, l be integers such that 2 ≤ l ≤ m and dim
(see Theorem 4.1). Note that I 2n,1 ≃ S 2n−1 and so it is possible to get maps of arbitrary, non-zero degree, φ : I 2n,k → I 2m,1 whenever dim( I 2n,k ) = 2m − 1. We also prove Theorem 1.2. Consider maps h :
The main technique used to prove the statements above is the result that if f : X → Y (with dim X = dim Y ) is a map of non-zero degree, then f * : H * (Y ; Q) → H * (X; Q) is a monomorphism. We obtain some results on the structure of the cohomology ring of I 2n,k to deduce the above theorems.
The paper is organised as follows. In section 2 we recall the description of the spaces I 2n,k and I 2n,k and express them as homogeneous spaces. In section 3 we compute the cohomology of I 2n,k . In section 4 we prove the main theorems.
Isotropic Grassmannian
In this section we set up the relevant notation and describe the isotropic Grassmannian as a homogeneous space. For F = R or C and n ∈ N, let F n denote the n-dimensional F-vector space (upto isomorphism). Further, let M(n, F) denote the group of linear maps F n → F n , and let GL(n, F) denote the group of automorphisms
Let U(n) := U(n; C) denote the group of unitary linear transformations C n → C n , and O(n) := O(n; R) denote the group of orthogonal linear transformations
Choose a symplectic form ω on R 2n . Let Sp(n) := Sp(n; R) denote the set of linear transformations R 2n → R 2n which preserve this symplectic form ω. Choose a basis B = (e 1 , · · · , e n ; f 1 , · · · , f n ), of R 2n , such that with respect to this basis, ω can be written as :
We coordinatise R 2n with respect to this basis and identify R 2n with C n via the following map:
Then, r induces a map M(n; C) −→ M(2n; R). By abuse of notation, we will also call this map r. Let Sp(n) := Sp(n; R) ∈ M(2n; R) denote the set of isomorphisms which preserve the symplectic forms ω. Then the image of U(n) under r lies in Sp(n). Hence the usual action of U(n) on C r induces an action of U(n) on R 2n via symplectic morphisms.
Define the isotropic Grassmannian, I 2n,k , to be the space of k-dimensional isotropic vector subspaces of R 2n . Then one has the following proposition.
Proposition 2.1. The isotropic Grassmannian, I 2n,k , is diffeomorphic to the quotient
Proof. Note that U(n) acts on I 2n,k . Consider any k-dimensional isotropic subspace, V ⊂ R 2n . Via the identification of R 2n with C n , the complement, denoted by W say, of V ⊕ ıV with respect to the form ω, is a complex subspace of C n . Moreover,
n is a decomposition with respect to the standard Hermitian inner product on C n . Now, given any two k-dimensional, isotropic subspaces V and V ′ , one has identifications :
Therefore, one can choose an orthogonal transformation ϕ : V → V ′ , which takes V to V ′ and an isometry ψ which takes W to W ′ . Since ϕ is orthogonal, ıϕ will take ıV to ıV ′ . Thus one obtains an isometry C n to C n which takes V to V ′ , and hence, the action of U(n) is transitive.
Let V k denote the k-dimensional subspace of R 2n generated by the basis vectors We consider I 2n,k , the space of k-dimensional, oriented, isotropic subspaces of R 2n , called the oriented isotropic Grassmannian. The oriented isotropic Grassmannian,
As in Proposition 2.1, one has:
Cohomology of the Oriented Isotropic Grassmannian
In this section we compute the cohomology of the oriented isotropic Grassmannian, I 2n,k . The cohomology with R coefficients was computed in [3] using formulas for the real cohomology of homogeneous spaces. We compute the same algebraically, fixing appropriate notation along the way. We use the Serre spectral sequence and the following fibrations:
The
The second fibration induces the Serre spectral sequence with E p,q 2 term given by
which converges to H p+q ( I 2n,k ; Q).
It is well-known ([2]) that
where c i ∈ H 2i (BU(n − k); Q) is the i th Chern class of the universal complex (n − k)-plane bundle γ n−k ; and,
where x i ∈ H i (U(n); Q) and ∧ denotes the exterior algebra.
For odd k (= 2m + 1)
where p i ∈ H 4i (BSO(k); Q) are the Pontrjagin classes of the universal oriented kplane bundle ξ k . For the case k = 2m
where e k ∈ H k (BSO(k); Q) is the Euler class of ξ k . In this case one has p m (ξ k ) = e 2 k .
Note that the inclusion
It follows that on classifying spaces BSO(k) × BU(n − k) → BU(n) classifies the complex bundle ξ k ⊗ C ⊕ γ n−k . Hence we have a commutative diagram of fibrations
This induces a diagram of spectral sequences which we may use to compute the differentials in 3.2. Let λ * denote the homomorphism from the spectral sequence
* (pt; Q) to 3.2. As the classes x 2i−1 are transgressive with d 2i (x 2i−1 ) = c i , so are the classes λ * (x 2i−1 ). Therefore we obtain (3.3)
Proposition 3.1. Let 2 < k ≤ n. If k < n, the cohomology groups H i ( I 2n,k ) are 0 if i ≤ 3 and H 4 ( I 2n,k ) is generated by p 1 . In the case k = n, the cohomology group
Proof. For k = n, the space I 2n,k ∼ = U(n)/SO(n), thus the fundamental group and hence H 1 is ∼ = Z. Otherwise in the spectral sequence 3.2 one has a class c 1 in E We may compute further in the spectral sequence 3.2. Notice that the formula 3.3 is of the form d(x 2i−1 ) = c i + · · · and so the class c i is not zero if i ≤ n − k. Thus the elements d(x 1 ), d(x 3 ) . . . d(x 2(n−k)−1 ) form a regular sequence in E * ,0 2 . It follows that no multiple of x 2j−1 , for j ≤ n − k, can be a permanent cycle. Therefore any positive degree classes surviving to the E ∞ -page must have degree > 2(n − k) + 1. In fact we have the Proposition Proposition 3.2. Suppose 2 ≤ k < n. The cohomology algebra H * ( I 2n,k ; Q) has algebra generators p 1 , · · · , p m in degrees 4, 8, · · · when k = 2m + 1 is odd. If k = 2m there is an additional generator e m in degree 2m that satisfies e 2 m = p m . Other algebra generators are in degrees ≥ 2(n − k) + 1.
Proof. In view of the discussion above it suffices to prove the first two statements for the horizontal 0-line E * ,0 ∞ . Note that for j odd, the equation 3.3 gives
Inductively
The remaining classes in the horizontal 0-line are p i , c 2j and e m if k is even. The remaining differentials are generated by
Hence the horizontal 0-line is the graded algebra A(n, k) below. The Proposition now follows from Lemma 3.3 and [5] .
Let R G n,k denote the oriented real Grassmannian of all k-dimensional oriented subspaces of R n . As a space this is
the Grassmannian of k-planes in C n . Define the graded algebras A(n, k) for n > k as (with notations as above)
if n is odd, k = 2m + 1
if n is even, k = 2m
if n is odd, k = 2m
Lemma 3.3. There are isomorphisms of graded algebras a) A(2s, 2m + 1)
Proof. This follows from the computation of the cohomology algebras of the Grassmannians using (with Q coefficients) :
and if n is odd.
Remark 3.4. One may compare this to the expression obtained in [3] . Observe that the ring of characteristic classes A of the principal bundle U(n) → I 2n,k matches the graded algebra A(n, k) above. Note that the cohomology of I 2n,k is A ⊗ Λ where Λ is an exterior algebra on classes in degrees d ∈ S n,k ([3], Theorem 1.7) with
] + 3, · · · , 2n − 3} if both n and k are even {4[
It follows that the Poincaré polynomial of I 2n,k is given by
which may be computed from the known formulas for complex and real Grassmannians.
Recall that height of a nilpotent element, x, in an algebra, is defined to be the least positive integer n, such that x n = 0 but x n+1 = 0.
Proposition 3.5. The height of the element, p 1 in H * ( I 2n,k ) is t(s − t) for (n, k) ∈ {(2s + 2, 2t + 1), (2s + 1, 2t + 1), (2s, 2t), (2s + 1, 2t)} . 
Main results
In this section we consider the question of possible Brouwer degrees of maps f : I 2n,k → I 2m,l , where I 2n,k and I 2m,l are oriented isotropic Grassmannians, such that dim I 2n,k = dim I 2m,l .
Note that when l = 1, the space I 2m,l ≃ U(m)/U(m − 1) ≃ S 2m−1 . Also note that dim I 2n,k (= 2k(n − k) +
) is odd if and only if k ≡ 1, 2 (mod 4). In these cases (dim I 2n,k = 2m − 1) given any λ ∈ Z, there exists a map f λ : I 2n,k → S 2m−1 with deg f λ = λ. We prove that these are the only possible cases of non zero degree.
Theorem 4.1. Let n, k, m, l be integers such that 2 ≤ k ≤ n and 2 ≤ l ≤ m and dim I 2n,k = dim I 2m,l . Let f : I 2n,k → I 2m,l . Then either (n, k) = (m, l) or deg f = 0.
Proof. Suppose n = k and m = l. Then dim I 2n,k = dim I 2m,l implies n(n + 1)/2 = m(m + 1)/2 and it follows that n = m. Note that the space I 4,2 ≃ U(2)/SO(2) is an oriented manifold of dimension 3. Observe that k ≥ 2 and n = k implies dim I 2n,k ≥ 4. Hence dim I 2n,k = dim I 2m,l implies (n, k) = (m, l) if n = k, m = l or one of (n, k) or (m, l) equals (2, 2). Consider the case where n = k, n > 2 and m = l. We use the fact that if deg f = 0 then f * is a monomorphism on cohomology with rational coefficients. By Proposition 3.1, H 4 ( I 2n,n ) = 0 and H 4 ( I 2m,l ) = 0. Hence deg f = 0. In the case n = k, m = l and m > 2, we have, again by Proposition 3.1, that H 1 ( I 2m,m ) ∼ = Z and H 1 ( I 2n,k ) = 0.
